We study the variation of Lyapunov exponents of simple dynamical systems near attractor-widening and attractor-merging crises. The largest Lyapunov exponent has universal behaviour, showing abrupt variation as a function of the control parameter as the system passes through the crisis point, either in the value itself, in the case of the attractor-widening crisis, or in the slope, for attractor merging crises. The distribution of local Lyapunov exponents is very different for the two cases: the fluctuations remain constant through a merging crisis, but there is a dramatic increase in the fluctuations at a widening crisis.
I. INTRODUCTION
In this paper, we study the behaviour of the Lyapunov exponent in systems where there are abrupt changes in the dynamics as a parameter is varied.
Our interest is in exploring the typical dependence of the maximal Lyapunov exponent (MLE) on the control parameter so as to elucidate the signature of a transition in the nature of the dynamics.
In the context of dynamical systems, abrupt changes in the phase space most commonly occur at the so-called crises [1] , which are caused by the collision of a chaotic attractor with the stable manifold of an unstable periodic orbit. The three major types of crises are distinguished by the nature of discontinuous change they induce in the chaotic attractor. At a boundary crisis, the chaotic attractor is suddenly destroyed and replaced by a chaotic transient as the parameter passes through its critical value. This occurs when the attractor collides with the stable manifold of an unstable periodic orbit that lies on its basin boundary. At an interior crisis, a sudden increase or decrease in the size of the attractor occurs when the stable manifold of an unstable periodic orbit lying within the basin of attraction of the chaotic attractor collides with it. At an attractor-merging crisis two or more chaotic attractors simultaneously collide with the stable manifold of an unstable periodic orbit lying on their common basin boundary which results in the merging of the attractors.
The qualitative change in the dynamics at a crisis is reflected in the Lyapunov exponents. The case of a boundary crisis is not very interesting since the Lyapunov exponent is either zero (if the transient leads to a periodic attractor) or takes a value characteristic of the chaotic attractor onto which the trajectory ultimately lands. The variation of the MLE at typical interior and merging crises is more dramatic, and in this paper we study these phenomena in a variety of simple model systems [2, 3, 4, 5] . In all the crises, there is a similarity in the dependence of the Lyapunov exponent on the control parameter. Our major observation is that MLE has a characteristic behaviour which is, however, distinct for the attractor-widening and attractor-merging cases. For interior crises which terminate a periodic window the dependence of MLE on the control parameter is sigmoidal, with a large increase in fluctuations subsequent to the crisis. This abrupt increase in the MLE at interior crises has been observed before [6, 7, 8, 9, 10] in some studies of 1 − d and 2 − d maps and flows. In contradistinction the MLE only has a "knee" at attractor-merging crises: after the crisis, the rate of change of the Lyapunov exponent decreases significantly. Again, in contrast to the attractor-widening case, there is no attendant increase in the fluctuations of the local Lyapunov exponents subsequent to the crisis.
In the next section we describe the phenomenology of the behaviour of the MLE at crises in simple maps and other low dimensional dynamical systems. Our results have relevance to studies of systems at a phase transitions, especially as a number of recent simulations of realistic systems have looked at the Lyapunov exponent, K-entropy and related quantities as a function of temperature or other control parameters [14, 21, 22] . These considerations are discussed in relation to the present work in the concluding Section III.
II. The Lyapunov exponent at Crisis
The Lyapunov exponent, which is used to characterise the degree of chaoticity of a dynamical system gives the average rate of exponential divergence of two nearby trajectories [20] . In a n−dimensional dynamical system there are n Lyapunov exponents and the system is chaotic if at least one of them is positive while for regular dynamics all Lyapunov exponents are zero or negative. We focus on the largest of these, which is most simply defined as
where d(0) is the initial separation between two trajectories, and d(t) is their separation after time t. A number of methods have been proposed in the literature to compute one or more of the Lyapunov exponents [12, 13, 14] .
Here we use the tangent space method [12] which is sufficient since we are interested primarily in the largest Lyapunov exponent.
To study transient objects like repellers or semi-attractors one can also analyse the finite-time exponents λ m (t) which are also defined in Eq. 1. The instability fluctuations on an attractor can also be studied by dividing a long ergodic trajectory in segments of size t and calculating the Lyapunov exponent λ m (t) for each of these. The probability density P (λ m (t)) of the distribution of local Lyapunov exponents has the scaling form, for t → ∞,
where ψ(λ m (t)) is a concave function with its minimum equal to zero at λ m = λ m (∞). [15, 18] . In a highly mixing system, the time correlations of λ m (t)
can be ignored and then by the central limit theorem P (λ m (t)) is a gaussian and ψ(λ m ) is parabolic. However at crises points the gaussian distribution breaks down and ψ(λ m (t)) develops a cusp at its minimum [15, 17] .
A. Interior or widening crises
We first consider the logistic map
It is well-known [2] that as the parameter r is increased the logistic map undergoes period-doubling cascade terminating at the accumulation point r ∞ ≃ 3.5699 . . . . Beyond that the dynamics is mainly chaotic, punctuated at various intervals by periodic windows of arbitrarily high period. An odd period-n window is created at a saddle-node bifurcation together with an unstable period-n orbit. As r is increased there is a sequence of period-doubling bifurcations creating periodic attractors of period 2n, 2 2 n, 2 3 n, . . . . Beyond the accumulation point of the period-doubling bifurcations the attractor is made up of n distinct pieces. The trajectory hops among these pieces in a regular manner but the distribution of points within each piece is random on the so-called semi-periodic attractor [19] . At the right end of the window there is an interior crisis when each piece of the semi-periodic attractor meets a point of the unstable period-n orbit which was created in the saddlenode bifurcation, leading to an abrupt increase in the accessible phase space volume [1] .
Shown in Fig. 1 is the variation of λ m with r − r n c near the n = 3, 5 and 7-band crises, which occur at parameter r = r shows that the repeller has larger finite-time Lyapunov exponent than the semi-periodic attractor [9] . The spectrum of local Lyapunov exponents of the post-critical attractor just before and after the 3-band crisis is shown in Fig. 2(a) . The linear segments indicating non-hyperbolicity at the crisis are present on both sides of r c . After the crisis a kink at large λ is visible which corresponds to the distribution on the repeller [15] .
Pompe and Leven [9] argued that the increase in MLE is proportional to the probability density on the repeller, and model it by the power-law
We confirm that the increase in MLE is proportional to the probability density on the repeller. A power law fit to MLE data gives the exponent µ = 0.51 ± 0.04 for 3-band crisis and µ = 0.52 ± 0.04 for 5 and 7 band crises.
Indeed, Grebogi et al. [16] obtained an approximate scaling near r 3 c
where g is a periodic function. It therefore appears that this scaling relation is valid at all other band-crises as well.
Other 1 − d maps also show the same phenomenology. We have studied a map originally introduced by Kariotis, Suhl and Eckmann [3] in order to mimic the dynamical behaviour of intramolecular processes and isomerization. This map is given as
We fix ω = 0.8 and consider r as the control parameter. The above map shows both attractor-merging (discussed below) and attractor-widening crises. At Higher dimensional systems also show the same behaviour: for example, the well known Hénon map,
which has a well-characterized, complex structure of bifurcations and crises [20] .
Fixing b=0.3 and varying r, the 7-band crisis occurs at r 7 c =1.2716856. Again (cf. Fig. 1 ) it is seen that the maximal Lyapunov exponent shows the by now familiar characteristic sigmoidal behaviour as the function of (r − r attractor-mergings in the other maps studied [3, 4] (Fig. 3) . The spectrum of local Lyapunov exponents near the attractor-merging crisis (Fig 2(b) ) shows the linear segments indicative of the non-hyperbolicity at the crisis [17] .
We also consider a merging-crisis in the forced Duffing equation [1] 
We take ν = 1, α = 100, β = 10, ω = 3.5 and study Eq. (8) near its crisis value r m ≈ 0.853. Below r m there are two chaotic attractors one confined to the well in x > 0 and another confined to the well in x < 0. These attractors merge at r = r m , where the MLE near r = r m again shows a knee (Fig. 3) .
III. Conclusions
In this work we have studied the variation of the largest Lyapunov exponent MLE near interior and attractor-merging crisis for some simple and wellknown systems.
We observe that around an interior crisis, the MLE vs. the control parameter curve has a sigmoidal dependence, with the fluctuations increasing dramatically at the crisis. For the 3-band crisis in the logistic map (Fig. 1), for example, the average fluctuations just before the crisis is 4.2 ×10 −4 , while after the crisis it is 1.2 × 10 −3 . On the other hand, a knee-shaped curve is observed for attractor-merging crises with no increase in fluctuations beyond crisis.
In recent work Fan and Chay [11] have studied the Lyapunov exponents of Rose-Hindmarsh system (consisting of three coupled differential equations), and report that Lyapunov exponents are not good indicators of an interior crisis. They prefer the use of topological entropy which showed an abrupt increase at the crisis. However, in contrast to the present systems where the interior crises terminate a periodic window the interior crisis they studied was caused by collision of two period-adding bifurcation processes travelling in opposite directions in the parameter space. This may be one reason why they did not observe increase in the MLE at the crisis.
The observations made above are of relevance to recent simulation studies of systems undergoing a change in bulk phase. In recent years it has become possible to study the detailed dynamics of mesoscopic systems undergoing phase change, and a number of studies [14, 21, 22] This abrupt increase in the MLE corresponds to an increase in the available phase space volume and consequently in the local rate of divergence of trajectories [12] . Berry and co-workers [14] have looked at a variety of dynamical indicators, including the Kolmogorov-Sinai (KS) entropy, i.e., the sum of all positive Lyapunov exponents. This quantity increases smoothly with temperature or energy as the phase changes although information can be obtained regarding underlying potential-energy surface [14] .
The present study further underscores the utility of the MLE as an indicator of phase transformation since the band-crises between different chaotic phases are, in a sense, dynamical system analogues of phase transitions. Prior to the crisis there is long-time correlated noisy periodicity while after the crisis, dynamics lacks long-time correlation since motion is chaotic within a single-band attractor. 
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